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Transient electric current through an Aharonov-Bohm ring after
switching of a Two-Level-System
Gen Tatara
Graduate School of Science, Osaka University, Toyonaka, Osaka 560-0043, Japan
Abstract
Response of the electronic current through an Aharonov-Bohm ring af-
ter a two-level-system is switched on is calculated perturbatively by use of
non-equilibrium Green function. In the ballistic case the amplitude of the
Aharonov-Bohm oscillation is shown to decay to a new equilibrium value due
to scattering into other electronic states. Relaxation of Altshuler-Aronov-
Spivak oscillation in diffusive case due to dephasing effect is also calculated.
The time scale of the relaxation is determined by characteristic relaxation
times of the system and the splitting of two-level-system. Oscillation phases
are not affected. Future experimental studies of current response may give us
direct information on characteristic times of mesoscopic systems.
I. INTRODUCTION
Decoherence (or dephasing) caused by external perturbations is an important problem
of quantum systems. Within equilibrium statistical mechanics, a convenient formula for
estimating the dissipation by the environment was presented by Caldeira and Leggett [1].
There decoherence was treated as an interaction non-local in the imaginary time. The
formula was shown to be useful in considering macroscopic quantum phenomena [1], in
which the tunneling rate was calculated only as a static quantity.
Effects of decoherence on electron systems was studied in the 80’s in the context of
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weak localization (e.g., decoherence by phonons and electron-electron interaction) [2,3]. De-
coherence gives rise to a mass of electron-electron propagator (cooperon), which governs
magnetoresistance. Decoherence time due to electron-electron interaction was calculated by
solving the cooperon equation [4] and as a mass of the cooperon [5]. Later it was demon-
strated that this dephasing time is equivalent to the time defined in an intuitive way from
a decay of the overlap of wave function [6,7]. One should note, however, that this definition
does not always work as we see below.
Recently decoherence by a quantum two level system (TLS) has been theoretically stud-
ied [8–10]. In these works temperature dependence of dephasing time, τϕ, is calculated,
motivated by experimental finding of the saturation of dephasing time as T → 0 in disor-
dered metal [11]. The mechanism of saturation appears still controversial.
For studies of decoherence, recent mesoscopic systems are suitable, since decoherence
can be detected in a controlled manner. A direct way to study decoherence is to use the
interference of two different paths in a small ring. The interference leads to an oscillation
of conductance as a function of external magnetic flux through the ring (Aharonov-Bohm
(AB) [12] and Altshuler-Aronov-Spivak (AAS) [13]oscillations [14]). The oscillation pattern
changes if a perturbation causes scattering or dephasing. The first direct measurement of
the effect of the phase due to transport through a quantum dot was carried out by use of
AB effect by Yacoby et. al. [15]. Further studies revealed rigidity of the phase, which is
consequence of time-reversal symmetry [16–18] . The amplitude and phase of AB oscillation
was calculated in the presence of a dot driven by a AC field in Ref. [19]. The effect of a time
varying potential on conductance of a ring was calculated in Ref. [20].
Recently AB effect in the ballistic case has been experimentally investigated [21,22]. It
was argued that the temperature dependence of the AB amplitude indicates dephasing rate
proportional to T−1 [22]. This behavior was discussed to be consistent with theoretical
estimate of the dephasing due to charge fluctuation taking account of the existence of the
leads [23]. However the argument given in Ref. [22] might be too naive because theoretically
the role of dephasing on AB effect in the ballistic case is not obvious, since dephasing is
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incorporated by cooperon, which exists only in the dirty case. A possible dephasing’s effect
on ballistic current may be by changing the spectral function [24].
The aim of this paper is to study the response of the current through a narrow ring
with a magnetic flux after a time-dependent environment is switched on. By use of mea-
surement of electronic properties with high (THz) time-resolution [25], observation of such
current response and time-resolved dephasing process would be possible. The current re-
sponse may provide us direct information on microscopic relaxation times (elastic (τ) and
inelastic lifetime (τϕ)) and properties of the perturbation source. As the environment we
take TLS. The transient current at low temperatures is calculated diagrammatically using
non-equilibrium green function [26–28]. Coupling to TLS is included to the second order
and a linear response with respect to the probe electronic field is considered. AB current
is calculated in the ballistic case treating the arm of the ring as one-dimensional. (The
response of AB current as sample dependent fluctuation in a dirty case would be similar to
that of AAS current.) A generic expression of the AB response is obtained in terms of the
correlation functions of the perturbation source. It is shown that only the amplitude of the
AB oscillation is affected, consistent with the phase rigidity [16,17]. The reduction of the
amplitude is shown to be simply due to the scattering into other electron states and is not
interpreted as dephasing. The overlap of the wave function with the initial state exhibits a
decay after TLS is switched on, but this is nothing to do with dephasing. This is in contrast
to the decay caused by electron-electron interaction in a disordered case [6]. Theoretically
this difference is natural since dephasing in the strict sense can not be described by one-
particle propagation ( a Green function with an elastic lifetime). The effect is incorporated
only when we take into account the particle-particle ladder (cooperon), which represents
the interference between a path and the reversed path in the presence of elastic impurity
scattering. Physically interaction with a single TLS itself gives a definite phase factor and
cannot cause dephasing in the ballistic case. To cause dephasing, some randomness such as
impurities is needed to give uncertainty to the phase due to the interaction. If there are
many TLSs with different energy, dephasing would appear even in the ballistic case.
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In the calculation of AAS current (§VI), dephasing time τϕ is included phenomenolog-
ically (we do not care about the origin here). The lowest order contribution we calculate
corresponds to the correction to τϕ by TLS. The calculation of response of the AAS current
is very complicated and hence we show the leading term only.
Effect of oscillating external field is briefly discussed in §V.
II. FORMULATION
The hamiltonian we consider is H = He + HTLS + H
′, where He =
∑
k ǫkc
†
kck + Himp
is the electron part (ǫk = k
2/(2m) − ǫF , ǫF being Fermi energy) and Himp ≡ vi
∑
kk′ c
†
k′ck
represents impurity scattering(vi is coupling constant). HTLS is the hamiltonian of the TLS,
which we describe later. The coupling between the electron and TLS is
H ′(t) =
∑
kQ
V (t)c†k+Qck (1)
where V (t) is an operator of TLS, which is time-dependent. In this paper V is treated as
independent of momentum transfer, Q, assuming a small perturbed area. We consider an
electronic field (E) applied on a lead with the frequency of ω. The vector potential A is
then written as A(t) = 1
iω
Ee−iωt. We consider a limit of ω → 0 and E ‖ z. The electronic
current in linear response is given as J = J (0) + J (A), where
J (0)(x, t) =
1
V
Ez
ω
(
e
2m
)2
(∇x −∇x′)z(∇x0 −∇x′0)zQ
<
xx′,x0x′0
(t, t′, ω)|x′→x,x′
0
→x0,t′→t
J (A)(x, t) = −
e2
m
Az(x, t) << c
†(xt′)c(xt) >> |t′→t (2)
where x0 and x
′
0 represent position in the lead where the electronic field is applied. Double
bracket <<>> includes the averaging over the electron and impurity. The correlation
function Qxx′,x0x′0(t, t
′) is defined as
Qxx′,x0x′0(t, t
′, ω) ≡ (−i)2
∫
C
dt0e
−iωt0 << TCc(xt)c
†(x′0t0)c(x0t0)c
†(x′t′) >> (3)
TC denotes a path order on contour C in complex time plane (Fig. 1) and superscript <
denotes taking the lesser component with respect to t < t′ on the path C. [27] Fourier
transform of Q is written as
4
Qkk′(t, t
′, ω) ≡ (−i)2
∫
C
dt0e
−iωt0 << TCck(t)c
†
k′(t0)ck′(t0)c
†
k(t
′) >> (4)
and spatially uniform component of the current J (0) is written as
J (0)(t) =
1
V
Ez
ω
e2
2m
∑
kk′
kzk
′
z
m
Q<kk′(t, t, ω) (5)
We first consider a case of a simply connected geometry. The second order contribution to
Q is the self-energy (SE) type (Fig. 2). (Vertex correction vanishes since and hence k and k′
in eq. (5) becomes independent on each other (note that V does not depend on momentum
transfer) and Q<kk′ is an even function of k and k
′.) SE contribution, Q
(SE)
kk′ ≡ δk,k′Q
(SE)
k , is
written as
Q
(SE)
k (t, t
′, ω) =
∫
C
dt0e
−iωt0
∫
C
dt1
∫
C
dt2 (Gk(t− t1)Σ(t1, t2)Gk(t2 − t0)Gk(t0 − t
′)
+Gk(t− t0)Gk(t0 − t1)Σ(t1, t2)Gk(t2 − t
′)) . (6)
Here Σ(t1, t2) ≡ i
∑
Q χ(t1, t2)Gk−Q(t1 − t2) and
χ(t1, t2) ≡ −i < TcV (t1)V (t2) > (7)
is a correlation function of TLS. The lesser component Q< (eq. (6)) is calculated by use of
decomposition rules such as [
∫
C dt1A(t−t1)B(t1−t
′)]<=
∫∞
−∞ dt1[A
r(t−t1)B
<(t1−t
′)+A<(t−
t1)B
a(t1 − t
′)] and (A(t− t1)B(t− t1))
<= A(t− t1)
<B(t− t1)
< (A and B are path-ordered
correlation functions) [27]. The result is (see Fig. 3)
Q
(SE)
k (t, t
′, ω) =
∑
ω′
e−iω
′t
(
Grk,ω1−ωΣ
r
ω1−ω,ω1−ω′
Grk,ω1−ω′G
<
k,ω1−ω−ω′
+Grk,ω1−ωΣ
r
ω1−ω,ω1−ω′
G<k,ω1−ω′G
a
k,ω1−ω−ω′
+Grk,ω1−ωΣ
<
ω1−ω,ω1−ω′
Gak,ω1−ω′G
a
k,ω1−ω−ω′
+G<k,ω1−ωΣ
a
ω1−ω,ω1−ω′
Gak,ω1−ω′G
a
k,ω1−ω−ω′
+ c.c.
)
(8)
where
Σrω1,ω2 = i
∑
Qω3
(Grk−Q,ω3χ
<
ω1−ω3,ω2−ω3
+G>k−Q,ω3χ
r
ω1−ω3,ω2−ω3
), (9)
Σ<ω1,ω2 = i
∑
Qω3G
<
k−Q,ω3
χ<ω1−ω3,ω2−ω3 and c.c. denotes conjugate processes. Lesser and greater
components of free Green functions are given as G<k (ω) = fω∆Gk(ω) and G
>
k (ω) = −(1 −
5
fω)∆Gk(ω), where fω ≡ 1/(e
βω + 1) is Fermi distribution function and ∆Gk(ω) ≡ G
a
k(ω)−
Grk(ω). The expression of Q
< is further simplified if we use
kz
m
(Grk(ω))
2 =
∂
∂kz
Grk(ω) (10)
and a partial derivative with respect to kz.
After some calculation SE contribution is obtained as
∑
k
(kz)
2
m
Q
(SE)<
k (t, t, ω → 0) = −iω
∑
k
(kz)
2
m
∑
ω′
e−iω
′t
∑
ω1ω2
∑
q[
ΠakQ(ω1, ω2, ω
′)∂ω1fω1G
r
k,ω1
Gak,ω1G
a
k,ω1−ω′
+ΠrkQ(ω1, ω2, ω
′)∂ω1fω1−ω′G
a
k,ω1−ω′
Grk,ω1−ω′G
r
k,ω1
]
− i
∑
k
∑
ω′
e−iω
′t
∑
ω1ω2
∑
q[
ΠakQ(ω1, ω2, ω
′)fω1∆Gk,ω1G
a
k,ω1−ω′ +Π
r
kQ(ω1, ω2, ω
′)fω1−ω′G
r
k,ω1∆Gk,ω1−ω′
+χ<ω2,ω2−ω′fω1−ω2∆Gk−Q,ω1−ω2G
r
k,ω1G
a
k,ω1−ω′
]
(11)
where
ΠµkQ(ω1, ω2, ω
′) ≡ χ<ω2,ω2−ω′G
µ
k−Q,ω1−ω2
− (1− fω1−ω2)∆Gk−Q,ω1−ω2χ
µ
ω2,ω2−ω′
(12)
(µ = a, r) and
∑
ω ≡
∫ dω
2π
. The current contribution from SE, J (SE), is defined by eq. (5)
with Q replaced by Q(SE).
The current J (A) is similarly calculated as
J (A)(t) = Ez
e2
m
1
ω
[∫
C
dt1
∫
C
dt2Gk(t− t1)Σ(t1, t2)Gk(t2 − t
′)
]<
= iEz
e2
m
1
ω
∑
k
∑
ω′
e−iω
′t
∑
ω1ω2
∑
Q[
ΠakQ(ω1, ω2, ω
′)fω1∆Gk,ω1G
a
k,ω1−ω′
+ΠrkQ(ω1, ω2, ω
′)fω1−ω′G
r
k,ω1
∆Gk,ω1−ω′
+χ<ω2,ω2−ω′fω1−ω2∆Gk−Q,ω1−ω2G
r
k,ω1
Gak,ω1−ω′
]
(13)
It is seen that this contribution cancels the second part in eq. (11). Hence the total current
is obtained as
J(t) = J0 + J
(SE)(t) + J (A)(t)
= J0 − i
1
V
Ez
(
e
m
)2∑
k
(kz)
2
∑
ω′
e−iω
′t
∑
ω1ω2
∑
Q[
ΠakQ(ω1, ω2, ω
′)∂ω1fω1G
r
k,ω1G
a
k,ω1G
a
k,ω1−ω′ +Π
r
kQ(ω1, ω2, ω
′)∂ω1fω1−ω′G
a
k,ω1−ω′G
r
k,ω1−ω′G
r
k,ω1
]
(14)
6
Here J0 ≡ Ezσ0 is current without TLS, σ0 ≡
e2
3
(
kF
m
)2 N(0)
V
τ , N(0) ≡ V (mkF/2π
2) is the
density of states.
Using ∂ω1fω1 ≃ −δ(ω1) and taking summations over k and Q, we obtain
J(t) = J0 − 2πJ0N(0)τ
∑
ω′ω2
e−iω
′t
1− iτω′
i
[
χ<ω2,ω2−ω′ − fω2χ
a
ω2,ω2−ω′
+ fω2−ω′χ
r
ω2,ω2−ω′
]
(15)
A. Aharonov-Bohm current
We next consider the case of a ring with a magnetic flux, shown in Fig. 4. For simplicity
the perturbation due to TLS (H ′) is treated as to exist only on the upper arm (arm a) and
the phase φ ≡ 2πΦ/Φ0 (Φ0 ≡ h/2e being flux quantum) due to the flux (Φ) affects only the
lower arm, b. We consider the case the ring is slowly varying and the system is ballistic,
L <∼ ℓ. The current through the ring is given by the same expression as eqs. (2)-(5) but green
functions need to be replaced by those in the ring geometry. Green function connecting x
and x0 at the right and left end of the ring, respectively, is approximated as
Gring(x− x0) ≃ Ga(x− x0) +Gb(x− x0)
= [G(x− x0) + (GΣG)(x− x0)] + e
iφG(x− x0) (16)
where the first term is the Green function though the arm a (Ga ≡ G+GΣG) and Gb(x−
x0) ≡ e
iφG(x − x0) represents propagation through arm b. In eq. (16) contributions from
the multiple circulation through the ring is neglected. The Green function in the opposite
direction from x to x0 is
G(x0 − x) = Ga(x0 − x) +Gb¯(x0 − x) (17)
where Gb¯(x0 − x) ≡ e
−iφG(x0 − x) carries the opposite phase as Gb. The current through
the ring is calculated from eq. (2) as
Jring(t) ≡ Ja + Jb + Jab (18)
where Ja and Jb are (α = a, b)
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Jα =
1
V
Ez
ω
(
e
m
)2∑
k
k2z
∑
ω′
e−iω
′t
∑
ω1ω2
[Gα
r
k(ω1 + ω
′, ω2 + ω)Gα¯
<
k (ω2, ω1) +Gα
<
k (ω2, ω1)Gα¯
a
k(ω1 − ω, ω2 − ω
′)] + J (A)α (19)
J (A)α being contribution from J
(A) on arm α and Ga¯ ≡ Ga. Current through arm a, Ja, is
equal at (15) and Jb = J0 since H
′ = 0 on arm b. Fourier transform of Green functions
in eq. (19) are defined as Gα
µ
k(ω1, ω2) ≡
∫∞
−∞ dt1
∫∞
−∞ dt2e
−iω1t1eiω2t2Gα
µ
k(t1, t2). (ω1 is not
necessarily equal to ω2 since Gα includes the self-energy due to TLS, which is not energy-
conserving). In (18), the interference effect is included in Jab, which reads
Jab =
1
V
Ez
ω
(
e
m
)2∑
k
k2z
∑
ω′
e−iω
′t
∑
ω1
[Ga
r
k(ω1 − ω, ω1 − ω
′)Gb¯
<
k (ω1) +Ga
<
k (ω1 − ω, ω1 − ω
′)Gb¯
a
k(ω1 − ω − ω
′)
+Gb
r
k(ω1)Ga
<
k (ω1 − ω, ω1 − ω
′) +Gb
<
k (ω1)Ga
a
k(ω1 − ω, ω1 − ω
′)] + J (A)ab
≡ J
(0)
ab + J
(2)
ab (20)
Here J
(0)
ab = 2J0 cosφ and (by use of (16) and (17))
J
(2)
ab =
1
V
Ez
ω
(
e
m
)2∑
k
k2z
∑
ω′
e−iωt
[
eiφQ+<k (ω, ω
′) + e−iφQ−<k (ω, ω
′)
]
+ J (A)
(2)
ab (21)
where
Q+<k (ω, ω
′) ≡
∑
ω1
[
Grk,ω1(GΣG)
<
ω1−ω,ω1−ω′
+G<k,ω1(GΣG)
a
ω1−ω,ω1−ω′
]
Q−<k (ω, ω
′) ≡
∑
ω1
[
(GΣG)rω1−ω,ω1−ω′G
<
k,ω1−ω−ω′
+ (GΣG)<ω1−ω,ω1−ω′G
a
k,ω1−ω−ω′
]
(22)
These are calculated similarly to the derivation of eq. (11) as
Q+<k (ω → 0, ω
′) = −iω
∑
ω1ω2
∂ω1fω1G
r
k,ω1
Gak,ω1G
a
k,ω1−ω′
ΠakQ(ω1, ω2, ω
′) +Q+
′
Q−<k (ω → 0, ω
′) = −iω
∑
ω1ω2
∂ω1fω1−ω′G
r
k,ω1G
r
k,ω1−ω′G
a
k,ω1−ω′Π
r
kQ(ω1, ω2, ω
′) +Q−
′
(23)
where Q±
′
are terms which cancel with J (A)
(2)
ab . Hence J
(2)
ab is obtained as
J
(2)
ab = −
2π2
3
1
V
Ez
(
e
m
)2
(N(0)kF τ)
2
∑
ω′
e−iω
′t
1− iω′τ
∑
ω2
×i
1
2
[
eiφ(χ<ω2,ω2−ω′ − 2fω2χ
a
ω2,ω2−ω′
) + e−iφ(χ<ω2,ω2−ω′ + 2fω2−ω′χ
r
ω2,ω2−ω′
)
]
(24)
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From eqs. (19) and (24), we obtain the total current through the ring as
Jring(t) = 2(1 + cos φ)J0 − 2πJ0N(0)τ
∑
ω′
e−iω
′t
1− iω′τ
∑
ω2
×
i
2
[
(1 + eiφ)(χ<ω2,ω2−ω′ − 2fω2χ
a
ω2,ω2−ω′
) + (1 + e−iφ)(χ<ω2,ω2−ω′ + 2fω2−ω′χ
r
ω2,ω2−ω′
)
]
(25)
III. CORRELATION FUNCTIONS OF TWO-LEVEL-SYSTEM
The Hamiltonian of TLS we consider is
HTLS =
Ω
2
σz (26)
where the two levels are represented by Pauli matrix σz. The interaction H
′ is switched on
at t = 0 till t = T0 (T0 is later set equal to the time of measurement), and is written as
V (t) = (uσz + vσx)θ(t)θ(T0 − t) (27)
where u, v are coupling constants and θ(t) is a step function. Here we consider the case TLS
is initially at |σz = m > (m = ±1) at t = 0. The correlation functions are given as
χ<(t1, t2) = −i < m|V (t2)V (t1)|m >
= −i(u2 + v2e−imΩ(t1−t2))θ(t1)θ(t2)θ(T0 − t1)θ(T0 − t2)
χ>(t1, t2) = −i(u
2 + v2eimΩ(t1−t2))θ(t1)θ(t2)θ(T0 − t1)θ(T0 − t2)
χr(t1, t2) = θ(t− t
′)(χ> − χ<)(t1, t2),
χa(t1, t2) = −θ(t
′ − t)(χ> − χ<)(t1, t2) (28)
Fourier transform is defined as (µ =<,>, r, a)
χµω,ω′ ≡
∫ ∞
−∞
dt1
∫ ∞
−∞
dt2e
iωt1e−iω
′t2χµ(t1, t2) (29)
These are calculated as (note that these Fourier transforms contains time T0)
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χ<ω2,ω2−ω′ = −i[u
2Γω2Γω′−ω2 + v
2Γω2−mΩΓω′−ω2+mΩ]
χaω2,ω2−ω′ = v
2
∑
±
±
ω2 ±mΩ
(Γω′ − Γω′−ω2∓mΩ)
χrω2,ω2−ω′ = v
2
∑
±
±
ω2 − ω′ ±mΩ
(Γω′ − Γω2±mΩ) (30)
where
Γω(T0) ≡
∫ T0
0
dt′eiωt
′
=
eiωT0 − 1
i(ω + i0)
(31)
IV. RESPONSE OF AHARONOV-BOHM CURRENT TO TLS
The expression of (15) is estimated by use of (30) with T0 → t as
J(t) = J0
−2πJ0N(0)τ
[{
u2 + v2
(
1−
2
π
tan−1 Ω˜
)}
(1− e−t˜) +
2
π
v2
∫ Ω˜
0
dx
1 + x2
(
1− cosxt˜ +
sin xt˜
x
)]
(32)
where Ω˜ ≡ mΩτ , t˜ ≡ t/τ . In the case of low frequency, |Ω˜| ≪ 1, integration over x is carried
out to be
J(t) = J0
[
1− 2πN(0)τ
{(
u2 + v2
)
(1− e−t˜) + v2
2
π
(
Si(Ω˜t˜)−
sin Ω˜t˜
t˜
+ Ω˜e−t˜
)}]
(|Ω˜| ≪ 1)
(33)
where Si(x) ≡
∫ x
0 (dy/y) siny. After TLS (H
′) is switched on, the current relaxes to a new
equilibrium value (J0 [1− 2πN(0)τ (u
2 + 2v2)] ≡ J0 + δJ∞) in the time scale of Ω
−1 (Fig.
5). In the opposite case, |Ω˜| ≫ 1, the scale becomes τ ;
J(t) = J0
[
1− 2πN(0)τ
(
u2 + 2v2
)
(1− e−t˜)
]
(|Ω˜| ≫ 1) (34)
The result for the ring, eq. (25), is similarly calculated as
Jring(t) = 2(1 + cos φ)J0 − (1 + cosφ)J02πN(0)τ
×
[{
u2 + v2
(
1−
2
π
tan−1 Ω˜
)}
(1− e−t˜) +
2
π
v2
∫ Ω˜
0
dx
1 + x2
(
1− cosxt˜ +
sin xt˜
x
)]
(35)
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It is seen that the amplitude of AB oscillation is reduced by TLS but the reduction is due
to the reflection of the electron by TLS in the same way as in a wire (eq. (32)). Namely
the interference is not affected by the TLS in ballistic transport. This is also seen from the
effect surviving even in the limit of Ω → 0 and → ∞ (compare with the AAS current, Eq.
(57)).
The phase of the oscillation (cosφ) is not modified, similarly to the equilibrium case, in
which case sinφ term is forbidden since it violates the time-reversal symmetry [16].
The behavior at t ∼ 0 of the current (35) is given as
Jring(t) ≃ (1 + cosφ)J0[2− 2πN(0)(u
2 + v2)t] ≃ (1 + cosφ)2J0e
−Γt/2 (36)
where Γ ≡ 2πN(0)(u2 + v2) and a factor of 1/2 is to account for the TLS applied only on
one of the two arms. This decay rate Γ is nothing but the rate obtained by Fermi’s golden
rule. In fact transition probability of the electron from momentum k to k′ is given by
|Ak′m′km(t)|
2 =
∣∣∣∣−i
∫ t
0
dt1 < k
′m′|H ′(t1)|km >
∣∣∣∣
2
= u2δm′m
(
sin[(ǫk′ − ǫk)t/2]
(ǫk′ − ǫk)/2
)2
+ v2δm′,−m
(
sin[(ǫk′ − ǫk −mΩ)t/2]
(ǫk′ − ǫk −mΩ)/2
)2
(37)
where m and m′(= ±) are the initial and final state of TLS. By use of
(
sin[ǫt/2]
ǫ/2
)2
→ 2πδ(ǫ)t
for t→∞, the rate estimated by golden rule is seen to be equal to Γ.
This rate Γ is also evaluated from the overlap of the state at t and t = 0,
< 0|Te−i
∫ t
0
dt1H′(t1)|0 > ≃ 1−
i
2
∫ t
0
dt2
∫ t
0
dt2θ(t1 − t2)(χ
>(t1, t2) + χ
<(t2, t1))
×
∑
kk′
G<k′(t2 − t1)G
>
k (t1 − t2) (38)
which results in ≃ e−Γt for Γt≪ 1.
In the case of electron-electron interaction, decay rate of the overlap integral was shown
to be equivalent to dephasing time [6,7]. In the present case of ballistic transport, the decay
of the amplitude of AB oscillation (eq. (35)) as well as the overlap integral are not related
to dephasing, but are due simply to the scattering into other states. What is crucial here is
lack of randomness need to put uncertain phase on wave function. Dephasing is taken into
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account when effect of cooperon is considered in the presence of random disorder (section
VI).
V. EFFECT OF OSCILLATING EXTERNAL FIELD
Our ballistic results (15) (25) are general and can be applied to other perturbation
sources. We here consider the current (15) with an oscillating external field, V (t) = v sinωt.
In this case χa = χr = 0 and
χ<ω2,ω2−ω′ =
i
4
v2
∑
±
[Γω2±Ω (Γ−ω2+ω′±Ω − Γ−ω2+ω′∓Ω)] (39)
The current (15) is obtained as
J(t) = J0 − 2πJ0N(0)τ
v2
4
1
1 + 4Ω˜2
×
[
2(1− cos 2Ωt− 2Ω˜ sin 2Ωt)− (1− 4Ω˜2)(1− e−t˜)
]
(40)
As seen in Fig. 6, the current oscillates around new equilibrium value (J∞ = J0 −
2πJ0N(0)τv
2/4) if the external field is slowly varying (Ω˜≪ 1) but oscillation is not dominant
if the perturbation is too fast for the electron to accommodate (Ω˜≫ 1).
This result has possibility of various applications. We mention here a case of ballis-
tic transport through a nano-scale metallic magnetic contacts. In magnetic contacts large
magnetoresistance is observed due to a strong scattering by a domain wall trapped in the
contact region [29,30]. Recently non-linear I-V characteristic was observed in half-metallic
oxide contacts, which is argued to be due to deformation of the wall [31]. In these small
contacts, application of a small oscillating magnetic field might drive slow oscillation of the
wall position and shape. This causes a time varying scattering potential of the electron and
hence would be detectable by measuring time-resolved current through the contact. Current
measurement may be useful to observe mesoscopic dynamics.
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VI. RESPONSE OF ALTSHULER-ARONOV-SPIVAK OSCILLATION
In this section we study the effect of switching of TLS on Altshuler-Aronov-Spivak (AAS)
oscillation [13]. This oscillation is due to interference of a particle-particle propagator
(Cooperon) induced by successive elastic scattering. The oscillation is cos(2φ), reflecting
a charge of 2e Cooperon carries. AAS contribution is calculated from eq. (2) with Cooperon
taken into account. In the absence of TLS, the Cooperon contribution to the current is
calculated as [14]
J
(0)
AAS =
Ez
V
(
e
m
)2
niv
2
i
∑
k
kz(−kz)G
r
kG
r
−kG
a
kG
a
−kC(0) (41)
where
C(0) ≡
∑
p
∞∑
n=0
(niv
2
i
∑
k
GrkG
a
p−k)
n
≃
∑
p
1
(Dp2 + 1/τϕ)τ
(42)
is Cooperon. ni and vi are density and strength of impurity scattering, respectively, which
are related to τ as 1/τ = 2πniv
2
i N(0). We have added phenomenologically an inelastic
lifetime, τϕ [2], which is assumed to arise from other mechanism than TLS. For L >∼ ℓϕ
(ℓϕ ≡
√
Dτϕ is the inelastic mean free path (dephasing length)), C(0) is calculated as (we
assume that the width of the ring is smaller than inelastic mean free path (L⊥ <∼ ℓϕ) and
carry out summation over p as in one-dimension)
C(0) ≃
3Lℓϕ
8π2ℓ2
(
1 + 2e−L/ℓϕ cos 2φ
)
(43)
(Higher order contributions, ∝ e−nL/ℓϕ , n ≥ 2 are neglected.) The AAS current in the
absence of TLS is thus
J
(0)
AAS = −Ezσ0
3
2πk2Fab
ℓϕ
ℓ
e−L/ℓϕ cos 2φ (44)
a and b being width and thickness of the ring, respectively.
Now we calculate the effect by TLS. This is done by considering a correction to Cooperon.
Most important processes are shown in Fig. 7(a-c). Process (a) is calculated as
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Q
(a)<
k (t, t, ω) = (niv
2
i )
2
∑
ω′ω1
e−iω
′t
∞∑
nn′=0
∑
k′kik
′
i
∑
p
×
[
Gk,ω1−ωD
(n)
{ki},ω1−ω
Gk′,ω1−ωEω1−ω,ω1−ω′Gk′,ω1−ω′D
(n′)
{k′
i
},ω1−ω′
G−k+p,ω1−ω′
× G−k+p,ω1−ω−ω′D
(n)
{−ki+p},ω1−ω−ω′
G−k′+p,ω1−ω−ω′D
(n′)
{−k′
i
+p},ω1−ω−ω′
Gk,ω1−ω−ω′
]<
(45)
where
D
(n)
{ki},ω1
≡ Πni=1(
√
niv
2
i Gki,ω1) (46)
is Green functions connected by successive impurity scattering,
E(t, t′) ≡ (niv
2
i )
2
∞∑
nn′=0
∫
C
dt1
∫
C
dt2[D
(n)G](t− t1)iχ(t1, t2)F
nn′(t1 − t2)[GD
(n′)](t2 − t
′) (47)
and F nn
′
(t1−t2) ≡ [GD
(n′)GD(n)G](t1−t2) (We write [AB](t−t
′) ≡
∫
C dt
′′A(t−t′′)B(t′′−t′)
and subscripts are partially suppressed). Important cooperon behavior (eq. (42)) arises
in Q
(a)<
k only when all Gki’s in D
(n)
{ki},ω1−ω
and D
(n′)
{k′
i
},ω1−ω′
are retarded and G−ki+p’s in
D
(n)
{−ki+p},ω1−ω−ω′
and D
(n′)
{−k′
i
+p},ω1−ω−ω′
are advanced Green functions and for p ∼ 0. By use
of
∞∑
n=0
∑
ki
D
(n)r
{ki},ω1−ω
D
(n)a
{−ki+p},ω1−ω−ω′
≃ Cp,ω′ (p ∼ 0) (48)
where Cpω ≡ 1/[(Dp
2 + 1/τϕ − iω)τ ], dominant contribution of (45) is calculated as
Q
(a)<
k (t, t, ω) =
∑
ω′ω1
e−iω
′t(niv
2
i )
2(fω1−ω−ω′ − fω1−ω′)[GD
(n)GEGD(n
′)G]rω1−ω′[GD
(n)GD(n
′)G]aω1−ω−ω′
=
∑
ω′ω1
e−iω
′t(niv
2
i )
2(fω1−ω−ω′ − fω1−ω′)
∑
p
CpωCpω′
×
∑
k′
Grk,ω1−ωG
r
k′,ω1−ωE
r
ω1−ω,ω1−ω′G
r
k′,ω1−ω′G
r
−k+p,ω1−ω′
×Ga−k+p,ω1−ω−ω′G
a
−k′+p,ω1−ω−ω′G
a
k,ω1−ω−ω′ (49)
Retarded part of E(t, t′) is given as
Er(t, t′) = (niv
2
i )
2
∞∑
nn′=0
∫ ∞
−∞
dt1
∫ ∞
−∞
dt2[D
(n)rGr](t− t1)
×i[χ<(t1, t2)F
nn′r(t1 − t2) + χ
r(t1, t2)F
nn′>(t1 − t2)][G
rD(n
′)r](t2 − t
′) (50)
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In terms of Fourier transform (Fig. 8),
Erω1−ω,ω1−ω′ =
∑
ω4
[D(n)
r
Gr]ω1−ωi[χ
r
ω1−ω4−ω,ω1−ω4−ω′
F nn
′>
ω4
+ χ<F nn
′r
][GrD(n
′)r]ω1−ω′
≃ −i(niv
2
i )
2
∑
ω4
(1− fω4)χ
r
ω1−ω4−ω,ω1−ω4−ω′[D
(n)rGr]ω1−ω[GD
(n′)GD(n)G]aω4 [G
rD(n
′)r]ω1−ω′
= −i(niv
2
i )
2
∑
ω4
(1− fω4)χ
r
ω1−ω4−ω,ω1−ω4−ω′
∑
p′
Cp′,ω1−ω4−ωCp′,ω1−ω4−ω′
×
∑
k1k2
Grk1,ω1−ωG
a
k1−Q,ω4G
a
−k′+p′,ω4G
a
k2−Q,ω4G
r
k2,ω1−ω′ (51)
We thus obtain
Q
(a)<
k (t, t, ω) = −iniv
2
i τ
2
∑
ω′ω1ω4
e−iω
′t
∑
p
Grk,ω1−ωG
r
−k+p,ω1−ω′
Ga−k+p,ω1−ω−ω′G
a
k,ω1−ω−ω′
×(fω1−ω−ω′ − fω1−ω′)(1− fω4)χ
r
ω1−ω4−ω,ω1−ω4−ω′
CpωCpω′
∑
p′
Cp′,ω1−ω4−ωCp′,ω1−ω4−ω′
×(2 + 3iτ(ω1 − ω4)− 4p
2Dτ) (52)
Other processes in Fig. 7 (b)(c) are similarly calculated as
Q
(b+c)<
k (t, t, ω) = −iniv
2
i τ
2
∑
ω′ω1ω4
e−iω
′t
∑
p
Grk,ω1−ωG
r
−k+p,ω1−ω′
Ga−k+p,ω1−ω−ω′G
a
k,ω1−ω−ω′
×(fω1−ω−ω′ − fω1−ω′)(1− fω4)χ
r
ω1−ω4−ω,ω1−ω4−ω′
CpωCpω′
∑
p′
Cp′,ω1−ω4−ωCp′,ω1−ω4−ω′
×(−2 − iτ(4ω1 − 4ω4 − ω − ω
′) + 5p2Dτ) (53)
It is seen that one of the four cooperons is canceled after summation of the three processes
(a-c) [32], and we obtain QAAS<k ≡ Q
(a)<
k +Q
(b+c)<
k as (noting p, p
′ ≪ k and ω′τ ≪ 1)
QAAS<k (t, ω → 0) = −iωniv
2
i τ
2
∑
ω′ω1
e−iω
′t(GrkG
a
k)
2
∑
pp′
CpωCpω′Cp′ω1
(
fω1−ω′χ
r
ω1,ω1−ω′
− fω1χ
a
ω1,ω1−ω′
)
(54)
where χa term is due to the complex processes (Fig. 7(d)) and Gk ≡ Gk,ω=0.
The current at low temperature is obtained by use of eq. (30) (and (5) ) as
δJAAS(t) = J0
πv2
mkFV
∑
pp′
1
Ap
∫ 0
−∞
dω
∑
±
(±)
×Im
[
−
(
1− e−Apt − iApe
−Apt
e−i(ω±Ω)t − 1
ω ± Ω
)
3ω ± Ω+ i(2Ap′ −Ap)
[(ω ± Ω)2 + A2p](ω + iAp′)[ω + i(Ap′ −Ap)]
+
(
1− e−(Ap′−iω)t
ω + iAp′
− e−(Ap′−iω)t
e−i(ω±Ω)t − 1
ω ± Ω
)
1
[ω + i(Ap′ −Ap)](±Ω− iAp′)
]
(55)
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where Ap ≡ Dp
2 + 1/τϕ. Slowest relaxation is governed by the contribution from p = p
′ = 0
of the square bracket part. The oscillation part of this contribution is obtained as
δJAAS(t) ≃ J0 cos(2φ)
3
4π
ℓϕ
ℓ
v2
k2Fab
τ 3ϕF (56)
where
F ≡ Im
∫ 0
−∞
dω
∑
±
±
τ 3ϕ
[
−
(
1− e−t/τϕ − i
e−t/τϕ
τϕ
e−i(ω±Ω)t − 1
ω ± Ω
)
3ω ± Ω + i/τϕ
[(ω ± Ω)2 + τ−2ϕ ](ω + i/τϕ)ω
+
(
1− e−(1/τϕ−iω)t
ω + i/τϕ
− e−(1/τϕ−iω)t
e−i(ω±Ω)t − 1
ω ± Ω
)
1
ω(±Ω− i/τϕ)
]
(57)
Enhancement of AAS current (δJAAS > 0) is explained as due to the dephasing effect
of TLS, which suppresses localization. The phase of the oscillation is not modified (i.e.,
δJAAS ∝ cos 2φ), and only the amplitude relaxes after TLS is switched. If Ω≪ τϕ the time
scale of the relaxation is ∼ Ω−1. In the opposite case of Ω ≫ τϕ, there appears first a rise
in the timescale of τϕ followed by a rapid decay with small oscillation of frequency of ∼ Ω
(Fig. 9). The effect of TLS vanishes as ∝ Ω for Ω≪ 1 and as ∝ 1/Ω for Ω≫ 1. Vanishing
of the effect in these limits is different from the ballistic case (35) and consistent with the
explanation by dephasing effect.
VII. SUMMARY AND DISCUSSION
We have calculated the electronic current through an Aharonov-Bohm (AB) ring after a
quantum Two-Level-System (TLS) is switched on. TLS affects the amplitudes of AB and
AAS oscillations, which relax to new equilibrium values. Phases of both oscillations are not
affected. If the energy splitting of the TLS, Ω, is small, the time scale of the amplitude
relaxation is given by the characteristic time of the system, which is elastic lifetime τ in the
case of ballistic and inelastic lifetime τϕ in diffusive case. In the opposite case, Ω ≪ τ, τϕ,
the time scale becomes Ω−1. Although the relaxation of current appears similar in both
ballistic and diffusive case, physics behind is different. In the ballistic case the relaxation is
due to a scattering of the states into other states, which is not dephasing. In the diffusive
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case the relaxation is interpreted as due to dephasing. Crucial difference between the two is
that in the diffusive case, one one hand, phase produced by TLS is randomly accumulated
because of contribution from random paths the electron travels, while in the ballistic case
on the other hand, there is no randomness. Dephasing effect would appear in ballistic case
if the energy of the TLS is distributed.
Effect of oscillating external field is also calculated. The amplitude of the current oscil-
lates if the external oscillation is slow enough for the electron to accommodate, but current
oscillation is not obvious in the fast varying case.
Recent high (THz) time-resolved measurements of electronic properties [25] would make
it possible to observe the current response and time-resolved dephasing processes. The
current response may provide us direct information on microscopic relaxation times (elastic
(τ) and inelastic lifetime (τϕ)) and properties of the perturbation source.
Current measurement may be a useful tool in mesoscopic dynamics. For instance, a
motion such as slow oscillation of a magnetic domain wall in nano-scale magnetic con-
tacts [29,31] may be detectable as an oscillation of electronic current through the contact.
Time-resolved transport measurement may become a new and powerful method in studying
mesoscopic dynamics.
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FIG. 1. Path in the complex time plane. t is the time of measurement.
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FIG. 2. Second order contribution to Q. (a): Self-energy type. (b): Vertex correction type,
which vanishes since interaction vertex V does not depend on the momentum transfer.
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FIG. 4. Ring we consider. TLS affects only the upper arm (a) and the phase due to magnetic
flux (φ) is attached only on the lower arm, b.
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FIG. 5. Behavior of the current, eq. (32) for the two cases Ω˜ = 0.1 and Ω˜ = 10. u and v are
chosen as 1.
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FIG. 6. Behavior of |δJ | ≡ |J(t) − J0| for the oscillating external field (eq. (40)), plotted in
unit of 2piJ0N(0)τv
2. At t→∞ the oscillation is around |δJ | = 1/4 × 2piJ0N(0)τv
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FIG. 7. Corrections by TLS to AAS oscillation. Shaded thick line denotes Cooperon. Scattering
by normal impurity is indicated by a dotted line.
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FIG. 8. Diagrammatic representation of Er.
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FIG. 9. Relaxation of the amplitude of AAS oscillation (F of eq. (57)) after switching of TLS
for Ωτϕ = 0.5, 2, 5. For Ωτϕ ≪ 1 behavior is monotonic, but for Ωτϕ >∼ 1, a bump appears in the
timescale of ∼ τϕ and then a decay.
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